ABSTRACT Interval-valued q-rung orthopair fuzzy sets (IVq-ROFSs), as a generalization of q-rung orthopair fuzzy sets (q-ROFSs), are the powerful tool for mastering the fuzziness of information. Archimedean t-conorm and t-norm (ATT) consist of t-conorm and t-norm families, which is an important tool for fuzzy sets to generate general operational laws. Meanwhile, the Muirhead mean (MM) operator is a useful aggregation operator that considers the interdependent phenomena among the aggregated arguments. Motivated by those primary characteristics, in this paper, the MM operator to the interval-valued q-rung orthopair fuzzy numbers (IVq-ROFNs) based on the ATT is studied. First, some interval-valued q-rung orthopair fuzzy operational rules are proposed based on ATT. Second, the interval-valued q-rung orthopair fuzzy Archimedean Muirhead mean (IVq-ROFAMM) operator and the interval-valued q-rung orthopair fuzzy weighted Archimedean Muirhead mean (IVq-ROFWAMM) operator are proposed. Third, some desirable properties of the two operators are discussed, and some special cases of the developed operators are investigated. Furthermore, a novel approach based on the IVq-ROFWAMM operator is developed to solve multiple attribute decision-making problem with the interval-valued q-rung orthopair fuzzy information. Finally, a numerical example is given to illustrate the validity of the proposed method and a comparative analysis is conducted to show the superiorities of the method.
I. INTRODUCTION
Multi-attribute decision-making (MADM) as one of the most important parts of modern decision-making science, has been widely studied and successfully applied to many fields [1] - [7] . For a decision question under uncertainty, the first step is how to effectively and accurately express the attribute value. With the development of economy and society, practical decision-making problems are becoming more and more diversified and complicated. Exact values are not enough to express fuzzy information. To overcome
The associate editor coordinating the review of this manuscript and approving it for publication was Muhammad Imran Tariq. the shortcoming, Atanassov [8] , [9] gave the definition of an intuitionistic fuzzy sets (IFSs) that is improved from fuzzy sets (FSs) by Zadeh [10] , which adopts membership degree (MD) and a non-membership degree (NMD) to describe the complex information under fuzzy environment. Because of its powerful information description ability, IFSs has been widely studied and applied to many fields since it appears. However, the application range of IFSs is narrow because its MD µ and NMD ν have to satisfy the following condition: µ + ν ≤ 1.
However, for the complex decision-making problems, decision makers (DMs) may provide their preferences that the sum of MD and the NMD does not satisfy the above con-dition. For example, one expert may use intuitionistic fuzzy number (0.7, 0.5) to express his preferences. Clearly, the sum of MD and the NMD is 1.2. Therefore, this situation is not properly described by intuitionistic fuzzy number. To solve this problem, Yager introduced a nonstandard fuzzy sets called Pythagorean fuzzy sets (PFSs) [11] , [12] , [13] , with the MD and the NMD satisfying the condition µ 2 + ν 2 ≤ 1. IFSs and PFSs have good use in solving complex MADM problems, and great achievements have been achieved in academia [14] - [26] . Recently, Yager [27] further enlarged the space of the DMs' belief about MD and NMD in PFSs, and proposed the definition of q-rung orthopair fuzzy sets (q-ROFSs), in which the MD µ and the NMD ν satisfying the condition µ q + ν q ≤ 1, q ≥ 1. Obviously, the qROFSs accommodates more uncertainty than the PFSs and the IFSs, and its application is more extensive than that of the PFSs and the IFSs. Nowadays, some extensive researches have been put forward based on the q-ROFSs. For example, Peng et al. [28] proposed a score function of q-rung orthopair fuzzy numbers (q-ROFNs), substraction and division operations of q-ROFNs, exponential operational law of the q-ROFNs and weighted exponential aggregation operator under q-rung orthopair fuzzy environment. Yager et al. [29] introduced the concepts of possibility, certainty, plausibility and belief under general orthopair environment, and further gave the aggregation method of generalized orthopair fuzzy sets. Liu et al. [30] proposed two q-rung orthopair fuzzy aggregation operators based on the idea of Maclaurin symmetric mean (MSM) operator. Peng and Dai [31] proposed a new score function of q-ROFNs, a new distance measure of q-ROFSs, and further derived the various desirable properties among the developed similarity measures and distance measures and used them to assess the quality of classroom teaching. Liu and Wang [32] proposed comparison rule of q-ROFNs, the score and accuracy functions, and developed two kinds of q-rung orthopair fuzzy aggregation operators based on the ideas of the weighted averaging and weighted geometric operators. Further, they developed two approaches to solve MADM problems by adopting the proposed operators. Considering mutual relationship between different attributes, Liu and Liu [33] proposed two kinds of q-rung orthopair fuzzy aggregation operators based on the idea of Bonferroni mean (BM) operator. Wei et al. [34] extended the Heronian mean (HM) operator to the q-rung orthopair fuzzy and q-rung orthopair 2-tuple linguistic environment, respectively, and then developed an approach to solve MADM problems. Liu et al. [35] presented two q-rung orthopair fuzzy aggregation operators based on the idea of extended Bonferroni mean. However, in many practical decision process, due to the fuzziness of evaluation information, it is difficult for DMs to exactly express their opinions by a crisp number, but they can be represented by an interval number within [0, 1] . Based on this case, Joshi et al. [36] proposed the definition of interval-valued q-rung orthopair fuzzy sets (IVq-ROFSs), which is more suitable for describing the uncertain information.
As an important tool, aggregation operator plays a vital role in aggregating evaluation information under fuzzy environment. Though some operators have been proposed to aggregate IVq-rung orthopair fuzzy information by Joshi et al. [36] , all input arguments are assumed to be independent in the aggregation process, and the hypothesis would not be reasonable in most practical decision process. So, combining IVq-ROFNs with some classical aggregation operators which considering interrelationships among all input arguments is necessary. Using a parameter vector, the interrelationship among any number of input arguments can be captured effectively by the MM operator [37] . Meanwhile, the MM operator can reduce to several special cases [38] - [40] , involving arithmetic operator, geometric operator, BM operator and MSM operator by taking different parameter vector. Therefore, we utilize the MM aggregation operator to aggregate interval-valued q-rung orthopair fuzzy information in this paper.
Simultaneously, selecting appropriate operational laws is crucial in aggregation operators. ATT contains various TCs and TNs, such as the TCs and TNs of Algebraic, Einstein, Hamacher, Frank, Dombi and so on [41] . As powerful tools, they are applied to achieve the intersections and unions of fuzzy evaluation information. For example, Yang and Pang [42] presented some new operators by using the Maclaurin symmetric mean operator and the new Pythagorean fuzzy operation laws. Liu et al. [43] proposed some T-spherical fuzzy power muirhead mean operator based on novel operational laws and applied them into multi-attribute group decision making. Liu and Wang [44] proposed some q-rung orthopair fuzzy operational rules by using ATT, the q-rung orthopair fuzzy Archimedean BM (q-ROFABM) operator and the q-rung orthopair fuzzy weighted Archimedean BM (q-ROFWABM) operator. Wei et al. [45] investigated the maclaurin symmetric mean operators with Interval-Valued pythagorean fuzzy sets and used them in multiple attribute decision making. Liu and Teng [46] proposed four kinds of probabilistic linguistic operators by combining MM operator with ATT under probabilistic linguistic environment. Considering the advantage of ATT, we present some operational laws of the IVq-ROFNs based on ATT and discuss some properties of these operational laws.
Based on above analysis, we can see that it is meaningful to discuss the relative theory of IVq-ROFSs. As a new information expression, IVq-ROFSs is more superior than existing ways in describing human being's subjective cognitions. Moreover, MM operator can provide a flexible function to fuse evaluation values and makes it handle decision-making problems more suitably, and ATT can give a general operational expression. So, it is very interesting to process the MADM problems by combining IVq-ROFSs and the extended MM aggregation operators based on ATT. The aims of this paper are as follows: (1) Propose the general operational laws for IVq-ROFSs based on ATT; (2) Extend traditional MM operator to IVq-ROFSs and propose the IVq-ROFAMM and IVq-ROFWAMM operators, and further discuss some special cases of the proposed operators; (3) Develop a MADM method based on the proposed IVq-ROFWAMM operator.
The paper is organized as follows. Section II reviews some basic concepts of IVq-ROFSs, ATT and MM. In Section III, we present the operational rules of IVq-ROFNs based on t-norm and t-conorm. In Section IV, we propose the interval-valued q-rung orthopair fuzzy Archimedean MM (IVq-ROFAMM) operator and the interval-valued q-rung orthopair fuzzy weighted Archimedean MM (IVq-ROFAMM) operator. At the same time, we study some of their characteristics. In Section V, an approach to solve multiple attribute decision making with interval-valued q-rung orthopair fuzzy information is developed based on the proposed operators. In Section VI, a numerical example is given to illustrate the application of the developed method, and an analysis of the effect of parameter vector and comparative analysis are given. The paper is concluded in Section VII.
II. PRELIMINARIES A. Q-RUNG ORTHOPAIR FUZZY SETS AND INTERVAL-VALUED Q-RUNG ORTHOPAIR FUZZY SETS
Definition 1 [27] : Let S be a nonempty fixed set, then a q-rung orthopair fuzzy sets (q-ROFSs) Z on S can be expressed as follows: 
Although using q-ROFNs can express the attribute value more completely, the range of information expressed is still limited because the MD and NMD should be concrete numbers. To overcome this deficiency, Joshi et al. [36] generalized q-rung orthopair fuzzy sets to an interval version, named interval-valued q-rung orthopair fuzzy sets, which permits the MD and NMD are quantified by the interval numbers. Thus, it is more suitable for describing decision information under fuzzy environment.
Definition 2 [36] : Let S be a nonempty fixed set, an interval-valued q-rung orthopair fuzzy sets (IVq-ROFSs) Z on S can be expressed as follows:
denote the MD and the NMD of s ∈ S to Z , respectively, which satisfy the following conditions for every
For convenience, Joshi et al. [36] 
for any s ∈ S, then the IVq-ROFSs reduces to the q-ROFS proposed by Yager [27] .
Definition 3 [36] :
> be an IVq-ROFN, then the score function τ (Q * ) of Q * is defined as follows:
Definition 4 [36] :
> be an IVq-ROFN, then the accuracy function σ (Q * ) of Q * is defined as follows:
Obviously, 0 ≤ σ (Q * ) ≤ 1, and the larger the accuracy value of σ (Q * ) is, the greater the IVq-ROFN Q * will be. Theorem 1 [36] :
> be two IVq-ROFNs, then the comparison rules can be defined as:
B. ARCHIMEDEAN TC AND TN
The Archimedean TC and TN can be produced by the relative additive generators [42] . The Archimedean TN is
, where φ(u) is a monotonically decreasing function and satisfies φ(u) :
, where ϕ(u) is a monotonically increasing function and satisfies ϕ(u) : Tables 1 and 2 , respectively.
C. THE MUIRHEAD MEAN OPERATOR
The MM operator, initially introduced by Muirhead [37] for crisp numbers, has the prominent advantage of capturing interrelationships among all of the aggregated arguments.
Definition 5 [37] : Let a i (j = 1, 2, . . . , n) be a collection of crisp numbers and P = (p 1 , p 2 , . . . , p n ) ∈ R n be a vector of parameters. Then, the MM operator is defined as:
where S n is a set of all permutations of (1, 2, . . . , n), and ϑ(j)(j = 1, 2, . . . , n) is an any permutation of (1, 2, . . . , n). 
III. THE INTERVAL-VALUED Q-RUNG ORTHOPAIR FUZZY ARCHIMEDEAN MUIRHEAD MEAN OPERATORS BASED ON THE ATT
In this section, we introduce a generalized intersection and a generalized union for IVq-ROFSs based on the TN and TC. Then we propose the interval-valued q-rung orthopair fuzzy Archimedean MM (IVq-ROFAMM) operator and the interval-valued q-rung orthopair fuzzy weighted Archimedean MM (IVq-ROFWAMM) operator by using the operational rules of the ATT of IVq-ROFNs. Some properties and special cases of the proposed IVq-ROFAMM and IVq-ROFWAMM operators will be discussed.
A. OPERATIONAL RULES OF IVQ-POFNS BASED ON T-NORM AND T-CONORM
In what follows, we will give the operational rules of IVq-ROFNs on the basis of the TN T (u, v) and TC T * (u, v).
> be two IVq-ROFNs, q ≥ 1, λ > 0, then the product and the sum of IVq-ROFNs on the basis of the TN T (u, v) and TC T * (u, v) can be defined as follows:
Remark 1: For different forms of additive generators as listed in Table 1 and Table 2 , one can infer some specific expressions on operational rules of IVq-ROFNs. The readers can refer to Appendix I for those specific expressions.
> be three IVq-ROFNs, then calculation rules of IVq-ROFNs are defined as follows:
Theorem 2 can be easily proved according to Definition 6, so it is omitted here.
B. THE INTERVAL-VALUED Q-RUNG ORTHOPAIR FUZZY ARCHIMEDEAN MM OPERATOR
. . , n) be a collection of IVq-ROFNs, then the interval-valued q-rung orthopair fuzzy Archimedean MM (IVq-ROFAMM) operator is defined as follows:
where P = (p 1 , p 2 , . . . , p n ) ∈ R n is a parameter vector, S n is the set of all permutations of (1, 2, . . . , n) and ϑ(j) (j = 1, 2, . . . , n) is any a permutation of (1, 2, . . . , n).
According to Definition 7, we have the following aggregation result from (6).
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Theorem 3:
. . , n) be a collection of IVq-ROFNs, then the aggregation result from Definition 7 is still an IVq-ROFN, and it can be obtained that
The proof of Theorem 3 is presented in Appendix II. Then, some properties of the IVq−ROFAMM operator will be given.
About the proof of Property 1, please see Appendix III.
Property 2 (Monotonicity):
. , n, then we have the following inequality:
About the proof of Property 2, please see Appendix IV.
About the proof of Property 3, please see Appendix V.
In what follows, we will give some special cases of the IVq-ROFAMM operator by considering different values of parameter vector P.
• When P = (1, 0, . . . , 0), (7) is transformed into an interval-valued q-rung orthopair fuzzy Archimedean arithmetic averaging operator
• When P = (ω, 0, . . . , 0), (7) is transformed into an interval-valued q-rung orthopair fuzzy Archimedean generalized arithmetic averaging operator
.
• When P = (1 n, 1 n, . . . , 1 n), (7) is transformed into an interval-valued q-rung orthopair fuzzy Archimedean geometric averaging operator
• When P = (1, 1, 0, . . . , 0), (7) is transformed into an interval-valued q-rung orthopair fuzzy Archimedean BM operator
• When P = ( (7) is transformed into an interval-valued q-rung orthopair fuzzy Archimedean MSM operator
According to the additive generators φ(t) and ϕ(t), we can obtain some specific interval-valued q-rung orthopair fuzzy Archimedean MM operators.
Case 1: If φ(t) = − ln(t q ) and ϕ(t) = − ln(1 − t q ), then we can get the interval-valued q-rung orthopair fuzzy MM (IVq-ROFMM) operator, i.e., , then we can get the interval-valued qrung orthopair fuzzy Hamacher MM (IVq-ROFHMM) operator, i.e., please refer to the Appendix VII for the details of U , then we can get the interval-valued q-rung orthopair fuzzy Frank MM (IVq-ROFFMM) operator, i.e.,
please refer to the Appendix VIII for the details of U
, and V F,U 4 .
C. THE INTERVAL-VALUED Q-RUNG ORTHOPAIR FUZZY WEIGHTED ARCHIMEDEAN MM OPERATOR
In the following, we will define IVq-ROFWAMM operator based on IVq-ROFNs. Archimedean MM operator of IVq-ROFNs is defined as follows:
where P = (p 1 , p 2 , . . . , p n ) ∈ R n is a parameter vector, S n is the set of all permutations of (1, 2, . . . , n) and ϑ(j)(j = 1, 2, . . . , n) is any a permutation of (1, 2, . . . , n). Then we call IVq − ROFWAMM P the interval-valued q-rung orthopair fuzzy weighted Archimedean MM (IVq-ROFWAMM) operator. According to Definition 8, we have the following aggregation result from (8) . 1, 2 , . . . , n) be a set of IVq-ROFNs and the weight of Q * j be w j , where w j ∈ [0, 1] and n j=1 w j = 1, then the aggregation result from Definition 8 is still an IVq-ROFN, and it can be obtained that, (9) , as shown at the top of the next page.
About the proof of Theorem 4, please see Appendix IX. Obviously, the IVq-ROFAMM operator is a special case of the IVq-ROFWAMM operator.
Theorem 5: The IVq-ROFAMM operator in (6) is a special example of the IVq-ROFWAMM operator.
About the proof of Theorem 5, please see Appendix X.
Property 4 (Idempotency):
are two collection of
. . . , n, then we have the following inequality:
Property 6 (Boundedness):
>, then we have the following inequality:
The proofs of Properties 4-6 are similar to that of Properties 1-3, so they are omitted here.
In the following, we will explore some special cases of the IVq-ROFAWMM operator through selecting different values of parameter vector P.
• When P = (1, 0, . . . , 0), (9) is transformed into an interval-valued q-rung orthopair fuzzy weighted Archimedean arithmetic averaging operator
• When P = (ω, 0, . . . , 0), (9) is transformed into an interval-valued q-rung orthopair fuzzy weighted Archimedean generalized arithmetic averaging operator
• When P = (1 n, 1 n, . . . , 1 n), (9) is transformed into an interval-valued q-rung orthopair fuzzy weighted Archimedean geometric averaging operator
• When P = (1, 1, 0 , . . . , 0), (9) is transformed into an interval-valued q-rung orthopair fuzzy weighted Archimedean BM operator (9) is transformed into an interval-valued q-rung orthopair fuzzy weighted Archimedean MSM operator VOLUME 7, 2019
According to different additive generators φ(t) and ϕ(t), some specific interval-valued q-rung orthopair fuzzy weighted Archimedean MM operators can be obtained.
Case 1: If φ(t) = − ln(t q ) and ϕ(t) = − ln(1−t q ), then we can get the interval-valued q-rung orthopair fuzzy weighted MM (IVq-ROFWMM) operator, i.e., Case 2: If φ(t) = ln 2−t q t q and ϕ(t) = ln 1+t q 1−t q , then we can get the interval-valued q-rung orthopair fuzzy weighted Einstein MM (IVq-ROFWEMM) operator, i.e.,
. Obviously, if we take γ = 1 and γ = 2, then Case 3 reduces into Cases 1 and 2, respectively.
, then we can get the interval-valued q-rung orthopair fuzzy weighted Frank MM (IVq-ROFWFMM) operator, i.e.,
please refer to the Appendix XIII for the details of o
IV. A NEW MADM METHOD BASED ON THE PROPOSED IVQ-ROFWHMM OPERATOR
In this section, we will develop a new MADM method with IVq-ROFWAMM operator to solve MADM problems under interval-valued q-rung orthopair fuzzy environment. For a MADM problem, let Y = {Y 1 , Y 2 , . . . , Y m } be the collection of alternatives and A = {A 1 , A 2 , . . . , A n } be the collection of attributes with a weighting vector w = {w 1 , w 2 , . . . , w n } T , which satisfies the condition that 0 ≤ w i ≤ 1 and
Suppose that = (π ij ) m×n is the decision matrix, whereπ ij takes the form of IVq-ROFNs representing the ratings of the alternatives Y i (i = 1, 2, . . . , m) with respect to the attributes
The proposed MADM method is presented as follows:
Step 1: Determine the normalized interval-valued q-rung orthopair fuzzy decision matrix¯ = (π ij ) m×n by (10) .
where B and C are the sets of benefit attribute and cost attribute, respectively.
Step 2: Apply the proposed IVq-ROFWAMM operator to aggregate all normalized interval-valued q-rung orthopair
Step 3: Calculate the score value τ (π i ) (i = 1, 2, . . . , m) and accuracy value σ (π i ) of overall assessment valuesπ i based on Definition 4.
Step 4: According to the score value τ (π i ) and accuracy value σ (π i )(i = 1, 2, . . . , m) in Theorem 1, we can rank all feasible alternatives and select the most desirable alternative(s).
V. APPLICATION EXAMPLE
To illustrate the application of the proposed method in Section V, let us consider an investment selection problem. An investor wants to select one form four candidate companies (Y 1 , Y 2 , Y 3 , Y 4 ) to invest money. The decision maker evaluates the companies by considering four attributes: the business growth ability (A 1 ), the economic benefit (A 2 ), the enterprise management level (A 3 ) and the corporate reputation (A 4 ). According to the importance of the attributes, the weight vector ω provided by the decision maker is 1, 2, 3, 4) by IVq-ROFNs, and the interval-valued q-rung orthopair fuzzy decision matrix ij = (π ij ) 4×4 is shown in Table 3 . In the following, we use the proposed method in Section V to select the best company for the investor.
A. RANKING ALL INVESTMENT COMPANIES TO SELECT AN OPTIMAL COMPANY BASED ON THE PROPOSED OPERATORS
Step 1: Transform the interval-valued q-rung orthopair fuzzy decision matrix = (π ij ) 4×4 (Suppose q = 3, considering the constraint of (µ U ) q + (ν U ) q ≤ 1) into the normalized interval-valued q-rung orthopair fuzzy decision matrix = (π ij ) 4×4 by (10) . Since all attributes are the benefit type, they do not need to be normalized here.
Step 2: Apply the proposed IVq-ROFWAMM operator (Suppose p = (1, 0, 4, 2), γ = 3) to aggregate all normalized interval-valued q-rung orthopair fuzzy assessment
>, the aggregated results of Archimedean family are listed in Table 4 .
Step 3: According to Table 4 , we determine the score value τ (π i ) of overall assessment valuesπ i (i = 1, 2, 3, 4) based on Definition 4, which are listed in Table 5 .
Step 4: Based on Theorem 1 and the score value τ (π i ) (i = 1, 2, 3, 4), rank all investment companies and select the most desirable one(s), and the rankings of companies are given in Table 6 .
B. AN ANALYSIS OF THE EFFECT OF PARAMETERS ON THE MADM RESULTS
In what follows, we will illustrate the influence of different values of the parameters q, γ and vector P on the ordering results of the companies. From above analysis, we know that if parameter γ = 1 and γ = 2, then the Hamacher operation reduces to the Algebraic operation and the Einstein operation, respectively. So, for convenience, we just Firstly, we analyze the influences of the parameter value q (Suppose γ = 3, P = (1, 0, 4, 2)) based on the IVq-ROFWHMM operator considering the constraint of (µ U ) q + (ν U ) q ≤ 1. The final ordering results are shown in Table 7 .
According to Table 7 , we find that the ordering results with different parameter value q are same and the best choice are still the same, that is, the changes of q do not have effect on the ordering results. Therefore, in practical decision process, we can take the smallest integer q which satisfies the constraint condition (µ U ) q + (ν U ) q ≤ 1.
In the following, we analyze the influence of the parameter γ from Hamacher operation on the experimental results, the ranking results are shown in Table 8 (Suppose q = 3, p = (1, 0, 4, 2)), which are also shown in Figure 1 visually.
According to Figure 1 , we can find that the values of γ increase as the parameter values τ (π i ) increase from 0.5 to Finally, we will analyze the influence of the parameter vector P based on the IVq-ROFWHMM operator and the ordering results are shown in Table 9 (Suppose q = 3, γ = 3). According to Table 9 , we can find that the score values τ (π i ) and the ordering results are different by selecting different parameter vector P, but the best choices are same. However, we find that the more interrelationships between attributes are taken into consideration, the smaller the value of score functions will become. Thus, the DMs can choose suitable parameter vector P according to their preferences in practical decision process.
C. COMPARATIVE ANALYSES
To illustrate the distinct advantages of our proposed method in addressing MADM problems with interval-valued q-rung orthopair fuzzy information, we compare the proposed method with existing methods using other aggregation operators such as the IVIFHWA and IVIFHHWA operators [47] , the IVq-ROFWA and IVq-ROFOWA operators [36] , the PFWMM and PFDWMM operators [48] . [47] AND JU ET AL.'S METHOD [36] For the interval-valued q-rung orthopair fuzzy decision matrix shown in Table 3 , we will make a comparison between our proposed method and the methods in [36] , [47] . The ordering results derived by both methods are shown in Table 10 .
1) COMPARISON WITH LIU'S METHOD
From Table 10 , we can see that the IVIFHHWA operator and IVIFHGHWA operator proposed by Liu [47] cannot give the ranking results. It means that the scope of application of Liu's method [47] is narrow, and they can only deal with the decision-making problems expressed by IVIFNs. However, IVIFNs cannot fully express the real decision information because its MD µ and NMD ν must meet µ + ν ≤ 1, while the operators proposed in this paper require the MD and NMD satisfying the condition 0 ≤ sup(µ) q + sup(v) q ≤ 1 (q ≥ 1). Moreover, the scope of the describing decisionmaking information will be wider because of the parameter vector q. So the proposed method is more suitable for solving practical decision-making problems. From Table 10 , we can see that the ranking orders obtained from the method by Joshi et al. [36] and the proposed method are slighted different, but the optimal ordering results are same. Two possible reasons can lead to the different ordering results. One of the possible reasons is that the IVq-ROFWA and IVq-ROFOWA adopt simple arithmetic weighting function which does not take into account the interaction among the different attributes. The other one is that the IVq-ROFWA and IVq-ROFOWA operators are only based on the Algebraic operation rules which are only the special case of the ATT. Although they are simple in calculation, they are difficult to solve the complex decision-making. Based on the above analyses, we find that the major advantage of the proposed method is that the proposed IVq-ROFAMM and IVq-ROFWHMM operators consider the interaction among all input arguments, and they are based on the idea of ATT. Therefore, our proposed method is more general, that can be more suitable for handing practical decision-making problems.
2) COMPARISON WITH ZHU AND LI'S METHOD [48] To further analyze the effectiveness of our proposed method, we compare the proposed method with Zhu and Li's method [48] . For the collective decision matrix shown in Tables 4 and 5 given in [48] , we will make a comparison between our proposed method and the methods in [48] . The ordering results are shown in Table 11 . According to Table 11 , we can see that ordering results obtained by PFWMM operator [48] and IVq-ROFWHMM operator are same in this example. This further verifies that our proposed method is reasonable and effective. Though the proposed method and Zhu and Li's method [48] all use the MM operator which can consider interrelationship of different attributes, Zhu and Li's method [48] is based on the Pythagorean fuzzy numbers (PFNs) which the MD µ and NMD ν should be certain and should satisfy the condition µ 2 + ν 2 ≤ 1. Thus, PFNs cannot fully express the real decision information. In this case, we need to use the IVq-ROFNs to solve the drawback. Moreover, from the perspective of operational rules, Zhu and Li's method is only based on the Algebraic operation, which is a special case of the ATT. So, our proposed method is more general and more diverse than Zhu and Li's method [48] .
The comprehensive comparison of different methods are summarized in Table 12 . According to Table 12 , we can easily see that there are three distinct advantages in our proposed method compared with the other operators:
• Our proposed method by using Muirhead mean (MM) aggregation operators can capture interrelationship among any number of arguments. Although some existing methods, such as Zhu and Li's method, have already used MM aggregation operators, they never handle decision-making problems with the interval-valued qrung orthopair fuzzy information.
• Our proposed method is more general and flexible than others through changing the values of parameter vector P in Muirhead mean (MM) aggregation operators because they are generalization of many aggregation operators, such as the IVq-ROFAA/IVq-ROFWAA operator, the IV q-ROFABM/IVq-ROFWABM operator and the IVq-ROFAMSM/IVq-ROFWAMSM operator. We can choose the appropriate operator depending on whether the input arguments are independent or not.
• Our proposed method is more flexible and versatile by using ATT and IVq-ROFNs than others because they are the generalization of some aggregation operators, such as the IVq-ROFMM/IV q-ROFWMM operator, the IVq-ROFEMM/IVq-ROFWEMM operator, the IVq-ROFHMM/IVq-ROFWHMM operator and the IVq-ROFFMM/IVq-ROFWFMM operator. At the same time, we notice that the ATT can achieve the intersections and unions of fuzzy evaluation information.
VI. CONCLUSIONS
This paper proposed two kinds of intervl-valued q-rung orthopair fuzzy Muirhead mean operators and then applied them to the multiple attribute decision making (MADM). The main contributions of our study can be summaried as the folllowing aspects:
• Some flexible operational laws for IVq-ROFNs based on t-norm and t-conorm are proposed.
• To aggregate the q-ROFNs, the interval-valued q-rung orthopair fuzzy Archimedean Muirhead mean VOLUME 7, 2019
(IVq-ROFAMM) operator and the interval-valued q-rung orthopair fuzzy weighted Archimedean Muirhead mean (IVq-ROFWAMM) operator were developed.
• A new method based on the IVq-ROFWAMM operator was put forward to deal with the MADM problems with interval-valued q-rung orthopair fuzzy information.
• An illustrative example as well as a comparison analysis are offered to demonstrate the advantages of the proposed method. In future research, we can adopt our proposed method to solve the practical problems such as supplier selection, risk assessment, environment evaluation, and medical diagnosis, etc. In addition, we will further provide more aggregation operators for interval-valued q-rung orthopair fuzzy information. 
